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130 PROF. H. F. BAKER ON CERTAIN LINEAR

PRrEFACE.

Part II. of the present paper was written, very much in the form in which it is
now presented, in the summer of 1913, and began with the remark in § 11, which
appears to disprove a statement made by PorNcart in regard to the convergence of
an astronomical series. It was laid aside partly because a good deal of the work is
only of the nature of elementary algebra, partly because the matrix notation
employed does not seem to find favour in its application to differential equations.
Various circumstances have, however, led me to take up the matter again, and my
original conviction that the method of Part II. is of importance has been strengthened
by comparing 1t with the less formal methods which, for the sake of introducing the
subject, I have followed in Part I. T hope, therefore, that the following exposition
may be thought worth while. - Part III. has only the value of a concluding remark.

The table of contents above may serve to give an idea of the scope and arrangement
of the paper.

PART T

§ 1. Consider a linear differential equation

IX vIX Wwx =,

VetV

where U, V, W are power series in a small quantity, X, of the forms

U = u+ru; +N5 + ...,
V =v+4+a, 0\, 4.0,
W = )\w1+>\2’bU2+...,

in which each of u,, v,, w, is a linear function of

S S ST S

¢ denoting ¢’. Thus each of u,,, v,,, w,, will contain a term independent of {; we
speak of these as the absolute terms. It is important that W contains no term
in \’; and it is assumed that the quantity v/u, which is independent of ¢, is not a
positive or negative integer, and that u, v are not both zero.

We prove that if the absolute terms in W, that is the absolute terms in

Wy, Wy, Wey ey
be suitably determined, the differential equation possesses a solution of the form

X - 1+>\¢1+)\2¢2+...?
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DIFFERENTIAL EQUATIONS OF ASTRONOMICAL INTEREST. 131

wherein ¢, 1s a linear function of {7, {*=2 (™4 ..., {*7, &7, {77, and this is a periodic
solution. Its period is 2=7; we can, however, if we wish, express the same result
with a period 27 by writing + = . '

For the substitution of the assumed form for X requires the identity

(16 +2ZN"0,) EN¢”, + (v+2N",) I, + ZN"w, (1 +ZN"¢,) = 0,
which, equating the coefficient of A" to zero, will be true if

U Uy Uy
+0¢ A 01 1t eV, 19

+wl¢n-—l+w2¢n—2+ see +wn—1¢l+wn = 0.
In particular for n =1
ug” ¢, +w, = 0.
If herein we suppose

¢ =ACHA T w = l+e {7
u, v, ¢, ¢_, being given constants, we obtain
U (ACHA ) +o(AL—A ) +al+e it =0,
which is satisfied by

. C C_1
T S
u-+v u—v

For n = 2 the condition is

ugy+0¢ s+ 119" + 014" + Wiy +w, = 0.
Writing
U = l+a_ {7 v =0L0+0_07" w = cel+e 7Y w, = eP+e TP+,

and assuming a form
‘ b = AL+ A {7

the condition becomes
du (Al + A 8% +20 (AP~ A_,¢~?)
+ (a1 $) (AHA ) + (BiE+D L) (A=A )
(e +e 8 (A 8HA ) el +e 2+ Cy = 0;

equating the coeflicients of* {2 {2, {° to zero, we obtain

(du+20) A, = —a, A, =D, A, —c, A —c,,
(4%—2’0) .A.__2 = —a_lA._1 + b_lA-_l—c_lA--—:l“C—?’

C, = "alA—l_a—lAl’l'blA—l_b—lAl"‘“ClA_l—c—lAh
T 2
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132 PROF. H. F. BAKER ON CERTAIN LINEAR

which, as vfu is not 2 or —2, determine A, A_,, and C,, the last being expressible by
means of the given coeflicients of 1, v, 1y, vy, w,.

Proceeding similarly with the general value of 7, we at once reach the conclusmn
stated, the absolute term in w, being determined in terms of the coefficients in

WUy Uy woey Uy_1, Dy Doy veny Vpi1y Wiy Wy wery Wy 1

§ 2. Now consider an equation

dx  opde o,
T +2B i Cx =0,

where, with { = ¢", A, B, C have the forms
A = ay+ A (o 8Ha 1§71 +0 (@l Fa_$ay) + ...,
B = b+ A (D E+b_18Y) +02(DofP+ 0o+ Do) + ..y
C = co+a(e ey &) +N (el +e o2 Hey) +.,

which are periodic functions of =, with period 2, capable of being arranged as
power series in a parameter A, the coeflicient of A" being a linear function of
§r, §1‘—2’ oo §2—-r’ g‘—r_

In accordance with the well-known theory of linear differential equations with
periodic coefficients, we substitute

x = X,
where « 18 a constant, and so obtain a differential equation
AX"+2 (kA +B) X+ (A + 2B+ C) X = 0

which, when « is properly chosen, is to be satisfied by a periodic function X. That
this is possible follows at once from § 1, as we now explain.

TFirst we can draw some inference as to the form of x. For compare the original
differential equation in z with the equation obtained from it by changing the sign of
A in each of the series A, B, C. It ig clear that the new differential equation may
equally be obtained from the original equation by change of ~ into =+, which
changes { into —{; this latter change, however, only multiplies the factor ¢ by the
constant ¢™ ; the factors ¢ appropriate to the two independent solutions of the new
differential equation are thus the same, in their aggregate, as the factors for the
original equation. Thus the change of the sign of A changes the two factors e
appropriate to the two independent solutions of the original differential equation
among themselves, either by leaving both unaltered or by interchanging them.
Assuming that « is capable of expression as a power series in A,

Kk = kyF A+ N+,
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DIFFERENTIAL EQUATIONS OF ASTRONOMICAL INTEREST. 133

the case in which each « is unaltered by change of the sign of X\ is the case in which
only even powers enter in this series. The case in which the two values of « are
interchanged by change of the sign of A may arise when the differential equation is
such that for X = 0 the two values of « are equal or differ by an integer ; in this case
¢“"[e<" is a periodic function for A = 0, and the factors e, ¢ do not individualise the
functions with which they are associated.

In the present case, the equation reduces when A = 0, to

d’x

g

+20, %llﬁ+com =0,
T

which, if a, is not zero, has the two solutions ¢, ¢°", where &, ¢’ have the values
[ =Dyt (D2 —aey) [ cte
Thus if we suppose not only that a, is other than zero, but also that
2 (b2 —aoco)faty
is not zero or a positive or negative integer, we can assume

k= o+ kN A+ ..
Then puttin
i X = 14 A+ N2y ...,

where ¢, is a linear function of {7, {2, ..., {*7, (", the differential equation for X
can be compared with that of § 1. In the present case there is an unknown
quantity « entering into the coefficient Ax+B of dX/dr, but it will be seen that in
the equations obtained by taking the successive powers of A, each unknown coefficient
in « in this Ax+B is determined at an earlier stage as entering in the coefficient
A +2B«+C, and so enters as a known coefficient. We have

Act B = [yt A (&) 4N (48 + 0yt ) + ... ] [o e+ ... ]
0y N DS+ O ) N2 (D82 + b2+ by) +...
= @ +by+\ o (l+a_E ) +b,E+b_ ]
AN [0 (87 @24 Og) + Qi + D82+ D _ o8 2+ by, |
+,
and similarly,
A+ 2Bc+C = ay’+ 200 +c¢,
A [0* (al+a_ &)+ 20 (b E+D_ ¢ +eré+e_ &)
A0 [0% (@8 + @ ol 2+ augg) + 20 (0,87 +b_y$ 2+ bay) + 2y (v + by )

+ 87+ e_ol T+ 0oy |
+eey
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134 PROF. H. ¥. BAKER ON CERTAIN LINEAR
the absolute term in the coefficient of A* in this being
2, (atyo 4 o) + oy 4 hoyiess + Qg0 -+ DDggicy + 20400+ Cy

Thus, as in § 1, we first put
oo+ 200+ ¢y = 0,

assuming, as in § 1 it was assumed that v/u is not an integer, that
2 (oo -+ D) vy, or 2 (a0, —by?) e,

is not zero or integral ; then the absolute term in the coefficient of A? determines
r (g +D,), and hence «, and the absolute term in the coeflicient of A* similarly
determines «,. ,

The excepted case in which « contains odd as well as even powers of A we may
leave aside at present.

§3. We may apply the preceding to the much discussed® equation

2 .
%Z_G% +(a?+ 2Nk, cos 0+ 2%k, cos 20+ ...) & = 0.

When A =0 we have the two factors ¢, ¢!, and the general case is that in
which ¢ has not the period, 2=, of the coefficients in the differential equation,
that is, when 2¢ is not an integer. First assume this to be so. Then writing

x =X
we obtain _
: X" 420X 4 (o — 2+ 27k, cos 0+ 2%, cos 20+...) X = 0.

Herein assume
k= o+ e, X = 1+4+Ap + N+ .00,

* For this differential equation the following list of references may be useful, though it is probably far
from complete :——MATHIEU, ¢ Louville’s J.,” XIIL. (1868), p. 137; Hiry, ¢ Coll. Math. Works,” I, p. 255
(* Acta Math., VIIL (1886)); Apams, ¢ Coll. Scientific Papers,” L, p. 186, IL, pp. 65, 86 ; TISSERAND,
¢ Mée. Cél., t. IIL, Ch. I ; PoiNCARE, ¢ Méth. Nouv., t. II,, Ch. XVIL ; ForsytH, ‘ Linear Differential
Equations’ (1902), p. 431; RayLEIGH, ‘Scientific Papers,” vol. IIL. (1902), p. 1; LiNDEMANN, ¢Math.
Annal.,” Bd. XXIIL (1883), p. 117 ; LiNDsTEDT, ¢ Astr. Nachr.’ 2503 (1883); LiNDSTEDT, ‘ Mémoires.
de P'Acad. de St. Petersbourg,” t. XXI, No. 4; Druns, ¢Astr. Nachr,’” 2533, 2553 (1883);
CALLANDREAU, ¢ Astr. Nachr.,” 2547 (1883); CALLANDREAU, ‘Ann. Observ.’ Paris, XXIL (1896);
TisSERAND, ‘Bull. Astr.,” t. IX. (1892); StieLTiES, ‘Astr. Nachr.,’ 2602, 2609 (1884); HARzER,
¢ Astr, Nachr.,,” 2850, 2851 (1888); MouLroN and MACMILLAN, ‘Amer. J.) XXXIIL (1911);
MovurTon, ‘Rendic. Palermo,” XXXII. (1911) ;'MOULTON, ¢ Math. Ann.,” LXXIII (1913) ; WHITTAKER,
¢ Cambridge Congress’ (1912), L, p. 366 ; WHITTAKER, YOUNG and MILNE, ¢Edinburgh Math. Soc.,’
XXXII, 1913-14; INCE, ‘ Monthly Not.,” Roy. Astr. Soc., LXXYV. (1915); PoiNcARrE, ‘Bull. Astr.,’
XVIIL (1900).
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DIFFERENTIAL EQUATIONS OF ASTRONOMICAL INTEREST. 135

where ¢, is an integral polynomial of order » in ¢ and (', the quantity ¢* being
denoted by { Then we have

N+ 21 (o kA L) 2N,
+ [ =200\ — (200, + 7) N ..+ 20Ky cos 0+ ... ] [1+ 2N, ] = 0.

The terms in A give ‘
¢+ 209y + Iy ({+71) =

which, if we denote (o+7)*—o? or 7 (20+7) by u,, so that the result of substituting
(" for ¢ in ¢ +2t0¢’ 18 —u,{", leads to

¢ = Icl<-Si + f—_1>

’Ml ’qul
The terms in \* give

¢ s+ 200 s+ Iy (EH+E7Y) o+ ko (824 E7%)— 20k, = 0,

which, if we write

Py = A2$c2+ A_~2§_2,

_1 z_> _ 7>
A, = Lk + ), A_z-uﬁz(/o i

kz< +_1_>:—__.E‘__.
2o \Uy U_q 0'(40'2—-1)

By the terms in X%, A\, we similarly find the coefficients in

leads to

and

Ky =

P3 = A3§3+ A~3§-3+ B1§ + B_1§_1,

¢y = ASH+A_ L+ B,E+B_ (3
and also :
600*—3850°+2

" 3 e 1 2
403(0—2—1)(462—1)3]“‘+ iy) bk B

20 (e?—1) (46*—1) 4o (o?—1)

K4:'_'

If we change the notation, writing 6 = 2¢, 20 = n, so that the differential equation
becomes

Zf—krw + 8Nk, cos 2¢+ 8Nk, cos 4t+... Jx = 0
and
§= 621'#, €x = cZ’LKt‘{
we have
2k, 2\ 15m*—35n%+8 12k,%k, 2k’
e 2y o L
ALy P P P—a) (1) (=) (=1)  n(n—4)) T

It is clear that « is essentially real so long as this series converges.
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186 PROF. H. F. BAKER ON CERTAIN LINEAR

As an immediate application take the equation in BrowN’s * Lunar Theory, p. 107,

d?*z ‘ 5, 13 53,4
5 +nie {1+3m?—-ymt+ (8m? +22m° + 13 Tm*) cos 28+ 53m* cos 4¢} = 0,
where : .
g=(n—n)t+e—é, m=n[n.
Put
!
m n m .
My = = e, m = l-Hln , ndt = (1+m,)dE;
. 1

then the equation becomes

2
HY K P .
iz +x { L+ 2my +Em? —Fpmy +my? (8 +Ymy +42my?) cos 26+ 3dm,* cos 4¢} = 0,

which is of the form above, £ replacing . We may then take

2 |
m
A= w = Leomer iy, b = 800w 4pm, T, = 35.

Here m, 1s a small quantity and

A m,* _om

W—1 64(@m+...) 128

(T+...)

is of the order m,?, while similarly A*/(n’—1)* is of the order m,". Also

n = (L+my) {14+3m2(1—2m, + 3m,*) —lym,"}?

=(1+m;) (1+Fm,*—5m®+ 28 my ).

RS }
n{l n?(n*—1)

= 5 (L+my) (1+3m?— 3 5md+ 13 Em?),

Thus

Ee
i
DO

which is easily seen to agree with the result given by Browx, or by Apans, ¢ Coll,
Works,” 1., p. 187, when we take account of the fact that

Zi/cf = 2k (’I’L—-n’)t = 2ux

so that, in terms of the quantity denoted by g,
K= %(1“"77"1) g.

This example is chiefly useful here as calling attention to the fact that »’, while
not exactly equal to 1, is near to it, and consequently the factor A(n*—1) is only
small of the first order in m,. The same weakness occurs in the terms in {7, ..., in

the solution.
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§4. In the equation considered by Hrrn (‘ Coll. Works,” I, p. 268) the ratio
4kn[(n*—1) is about (2'785)~%, and there is a term slightly greater than 4k (2°785)~"
arising in the terms in A"*! in the series for «, in which 4k is about 0'5704; and
the series fails absolutely in cases in which n is an integer. Then the assumption
that « is a power series in A%, and the terms in X which are independent of A, must
be modified, for reasons above given. The series when n is an integer has been
considered by TisseraND, ‘ Bull. Astr.,’ IX., 1892 ; modifying his procedure, 80 as to
include the case when n is near to 1 as well as that in which n = 1, we may write, in
accordance with the suggestion of such examples as that above quoted,

n? = 1L+4Nh +40%h,+ ...,
and then, denoting ¢*"*+e~%" by w,, consider the equation

2
%?;D— + [1 +4:>\ (h1+k1w]) +4>\2 (h2+k2w2) + "‘] €= O‘

By the changes
=2, (=¢,
dw _

—ir = 6—¢'(1+2q)t[U__V§]’ o 6—i(1+2q)t[U+V§']’

the differential equation may be replaced by the pair

W —qU = —p(U-V¢), L —qV = —p(Ug-V),

where
w, =+,

¢ = A (B4 Eaw,) 22 (hy+kyw,) + ...
Assuming here
q =AM +Ngst -

U= 14+x4+0u+..., V =B(14+A,+20,+...),

in which B is a constant, and wu,, v, are polynomials in ¢ and ¢!, we find, equating
coeflicients of like powers of A, »

((iiur + Q1’Mr—1 + q{“r_z‘*' R q'- = Hﬂ
T .

dv,
-

+ q{Ur—l + q2/vr—2+ e + q,. = I{r:
in which |
H, = (hl + klwl) (uf—l_fB”r—l) + (}"2+ k2w2> (ur—z_var\.-z) + .0+ (hr-l- kf’wr) (1 ""fB)a

K, = {—'B'H..
VOL. CCXVL—A., U
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138 PROF. H. F. BAKER ON CERTAIN LINEAR

In these equations, as u,, v, are to be polynomials in ¢, (%, the absolute terms,
those involving {°, must vanish. For » = 1 this gives

hl_QI = k]B, ,,[2’1 "!"';QII = le-—].
We thus write, using hyperbolic functions,
hy = k,cha, q = kshe, B =e¢

With these we find at once by integration the values of u,, v, save for the absolute
terms in these, which we denote by P,, Q, respectively. The conditions for these are
to be found by considering the absolute terms in the equations for » = 2; and o on
continually. In general, when we have found

Uy Vi, Ugy Vay veey Upyy VUpys

and have found wu,, v,, save for their absolute terms, P,, Q,, we find, on taking the
absolute terms in the equations which involve du, ,/d+ and dwv,,,/dr, and adding and
subtracting these terms, that the two quantities

kISha (Pr_Qr>—”hr+1a Z/:10h0£ (Perr>—Q1‘+l

are thereby expressed in terms of known quantities. It is at once seen that there
would be no loss of generality in putting P,, P,, P, ... all zero. Carrying out the
work, and writing M, for P,—Q,, we obtain

q = kyshon+ (Mllclchd —k*sh2a) \?
+ {IM et — 2M o, 2ch Qe+ kP sha (6chio—1) + Fyliyshou + Tycha (My—M P} A+ ...

where

hy = k,cho,
hy = M,k,sha—3%k*ch2e,
hy = ¥M ket — M,k sh2a+ kPcho (2shie—4) + kk,cha+ kysha (My— M, P,).
Also |
. — et 10 = 1 — o C AW, N W, 4L
in which ‘
W, = b+ P —ksha+ (=P, + M, — &k sha ) e=*¢—Ske~,
W, = 37 (bt 58,°) + § [Pk — e+ 1" (R~ sha)]
+P,—P kysha—M, kicha+ k& she (cho+e*)
—{e* [Py— M, + Pik,sho+ M ke —k,*she (cho+e7) ]
+ e[ 3Pk, + EM k,y +Shoe — &, (sho+1e*) ]

““‘%gse—a (k2 + %‘]C;f)r
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If from these formule we determine M, and M,—M,P, in terms of A, and A, we
find for ¢,
q = kyshax+H,ctha . \?

o H  2kH,ehPa | hoha—kk,—3k* (2sh*a— 1)]
X [ 2k.sh’a sha sha oo

where
H, = hy—3k® (2shPa—1).

This formulse is apparently unsatisfactory when sha is small, or n*~1 nearly equal
to 47k, In fact, the series is of the form
b | | 4ed®—b* , 8a*d—4d’be+b?

N A A
o T T 16a® tees

whose square has a form in which we can put @ = 0. On squaring, we have
qﬂ = (h12'—k12> >\2+ 2h1H2K3+ 7\4 (H22"' 4h12H2 + 2h1h3"‘ 2k12k2_h12k12 + %k14) + ceey

wherein

H2 = kz - hlz + '%klz,

and this form is appropriate when a =0 or A = k. In particular, when
hy = hy = ... = 0, but A, is not zero, this gives ' '

¢ = (h2—2) Nt by (3K2 = Bhy) A3+ [5 (b — B2 — 5y — 2h 7, N+ ..

a formula reproducing the former if 7,+h)\+h)* be put for 4, It will be seen in
Part I1. of this paper why the form of ¢* is comparatively so simple.

Brief reference may be made to another way in which we may use the foregoing
equations, regarding Aj, hy ks, ... not as given constants but as quantities to be
determined to simplify the result; this has been adopted by Prof. WHITTAKER
(¢ Proc. Math. Soc.,” Edinburgh, XXXII., 1913-14) who chooses as his condition that
no terms in ¢°, {* shall occur in W,, W,, ..., in the expression for . This can be
gecured by taking '

P, = ksha, M, = 2ksha, P,=0, Q =0, ....

From our present point of view a more natural procedure is to take
P,=0=Q,=P,=Q,=.... Then we obtain

n? = 1+ Ak chB—ENk2ch2B+ N [ kPchB (2sh*B—%) + kkochB] + ...,

where we have written 8 in place of «, as this argumeﬁt 18 now suppbsed to be
determined, from this equation, corresponding to a given value of n’. When S is so
determined, ¢ is given by

g = EAShB—kNISh2B+ N [hiishB (6chB—10) + kukushB] + ...,
U 2 )
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an equation which does not contain sA8 in its denominator. With a view to the
comparison of this method with the two others given in the present paper we
consider two examples. First, for the equation

2/
cl—f:l; +[ 1+ Nk, + ANk, 4 .. ] = 0,

for which #’ is actually unity, we should determine 8 so that
0 = hichB—bhch2B+ bchB (25hB—1) + b huchB+ ...,
where we have replaced A by 1. This gives approximately

chfS =~y (1+3h=1), sh =1 (1—4k),
and hence
g = b (1 kE ),

while the value for 8, substituted for «, gives the series for . We may remark that
for the equation

2
%%4—(14—870, cos 2t) = = 0,

TrsserAND (‘ Bull. Astr.,” IX., 1892, p. 102) finds

qz%%bi%ﬁggéw+m)

As a further example take

\ .
g’tg +a[1+4k, (L+w,) +4Ew,+...] = 0,

which, as will appear, is an interesting equation. Then 8 is to be found from

k, = kchB—%k2ch2B+klchpB (2sh*B—%) + kkchB+ ...,

go that
; C}I/B = ]. 4—%k1+%k12—k2+%'k13‘_gk1k2+ soey
MB=@NQ+%A—@+W)
X k,
and hence

q= (]CI)% (701"'2‘7612—]62+ )

In both these examples the value found for ¢ follows at once from the general
formula above given for ¢ of which a further deduction is found below in Part II.
In the last example the value found for 8 gives a solution for « in a series involving
(k). It will be seen in Part IL that when x involves (%)}, it is in a very simple
way, and the case seems better treated as there explained. The occurrence of ()t in


http://rsta.royalsocietypublishing.org/

N

a
A
1~
A B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

YA

=0

'am \
A B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

DIFFERENTIAL EQUATIONS OF ASTRONOMICAL INTEREST. 141

the value of g, in certain cases, is a particular case of PoINCARE'S theorem, ‘ Méth.
Nouv., 1., §79, p. 219. The phenomenon presents itself, however, as a consequence
of the use of elliptic functions in TISSERAND’S theory of the small planets; see
TissErAND, ¢ Mée. Cél.,” IV, p. 426 (or ‘ Bull. Astr.,” IV.).

§ 5. A very important question in regard to the differential equation under
discussion is whether ¢ is real or not, since upon this depends the conventional
stability of the secondary oscillation determined by the differential equation. We
have remarked above (§8) that when n is not an integer, and kX, k)% ... are small
enough to render the series there obtained convergent, the value of ¢ is necessarily
real. The cases in which n is an integer and k, = 0 = k; = ... have been discussed
by TisseranDp, ‘ Bull. Astr.) IX., 1892, who obtains the result that the motion is
unstable for n = 1 or n = 2, that is for the equations

d’x
dt?

d’x

F7 [1+4 b, ]z = 0,

+ [4+ 4k, ]x = 0,

when A is small enough, but stable for greater integer values of n. The formula for
¢’, given in the earlier part of § 4 preceding, shows that for cases in which

n® = 144~

the motion is stable provided
(/) > 1,

the values of cha and sha being then both real. It shows further that it is stable for
h, = +k, = positive
provided X be small enough. The critical equation is thus

d’x . _
07 +a[1+4k (1+w)+4kw,+...] = 0,

the other sign of k, being obtainable by changing ¢ into ¢+ -725

. §6. We proceed now to the case when n = 2.
If in the equation

2,
dT?f + 2 [m*+ 4 (hy+ kyw,) + 4N (Ao + kyw,) +...] = 0,
in which m is an integer, we put

=2, {(=¢,

U = feim+e gtﬁ —z'mac), V = feinmie @—f +imw>»
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we obtain
AU _ - _¢(U_Ven
i qU = m(U vem),

Cﬂ___ — __i (TE~m

where
¢ = A (hy+Eawy) 42 (hy+ kgw,) + ...,

w, =+
We may then further substitute

W =U{™-V, U, =mU,

leading to
ddUl —qU, = —¢{"W,
T
djf’ '*(_IW = _§~mUln
dr v
where “

@ =~ W,
m

These equations can be solved by writing
g =M HN Gt

U, = L+ u + Uy + ..., W = A—% FAw N wy .,

where A is a constant, and w,, u,, ..., w,, W, ... are polynomials in §, {~'.

For m = 2, in particular, we find that if A, = 0, the quantity A is required, and
determined in the course of the work, and ¢, = 0. But if %, is not zero, we must
take A = 0, and obtain ¢, = %A, the succeeding g,, @;, ... being real. In fact, as far
as A%,
hih

hy? hy  (k2—FK)"
hlk'—(%’h12+'%'k12—%h2)7\2+ {‘1% +’11‘%‘h1k12”‘22‘+'2‘3’“( 14}242 }Xs’*---a

[

q ==
which gives

Q* = FhANE—hy (2 + 5E7 —Fhy) NP
+ {65177/14 + %%hlzklz - §5€§]‘714 + %‘klgkz - 71&“]‘722 - hz (%} 1'12 + %’klﬂ) + %hf + %hlh3} M.

We know, as is shown in Part IL. of this paper, that the form of ¢* is valid even
when 4, = 0. Then we have

g = W\ (hy+ ky—3k:7) (hy—ky + 587) + ..o,
which, when A, = 0, is only positive, provided

bk? > 8k, > k.
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The case discussed by TisSERAND is that in which k, = k; = ... = 0. Then
N

and the quantity A in the formula for W, or z, is found to be 4 (—2+ v/ =5).
When m = 3, for the equation

%Z;ng +(9+8)\k cos 2t) x = 0,
we find A = 0, and s v6o
7=- %"m’“‘x‘*
Uy = 1-Pk (et b, W= F0e b (34 D)+
The question of the reality of g, in cases where k, = 0 = &k, = ..., is discussed by

Porxcar#,  Méth. Nouv.,” IT. (1893), p. 243, and by CALLANDREAU, ¢ Ann. Observ.,’
Paris, XXII. (1896), p. 28. So far the results are :—

(1) For the equation at the bottom of p. 135 (§3) ¢ is real when 7’ is not an
integer, provided the series obtained converges.

(2) This condition does not however include, for instance, the case when n? is near
to unity. For ¢ is imaginary, for the equation

d2

d,+[n +8k, cos 2t +...]x = 0,

if (n°—1) < (k)% Tt is real if (n’—1)" > (4k,)’, and real if n’—1 is positive and
equal to +4%,. This has been proved here.

(8) g may be real when n is just greater than 2, when k,, ks, ... are small enough.
This has been proved here.
(4) ¢ 1s real when » is any integer greater than 2, if by =4k, =...=0, but

imaginary when #n =1 or n = 2. This result is given by TISSERAND and
CALLANDREAU, as above.* “

[October 30, 1915.—Tt may be worth adding, in connexion with the numerical
results given in § 6, that the equation

2
—t—g.f+csint.x= 0,

d

in which ¢ is small, is solved by
x = eMU,

* See the note at the conclusion of §21 (p. 184).
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in which, as far as ¢,

and, as far as c*,

gin 3t>

U = 1+esint+c* (742 cos t—3 cos 2t) + ¢* <%% 81nt-+-§7§51n 2 — il

31 . 11 . cos 4t> ]
4 — — 53 008 2 — —n 3t .
+c <8\/2zcost 1ag cos 2¢ 432\/22008 + 4608

§7. We pass now to the consideration of a pair of simultaneous differential
equations arising in the consideration of the stability of the motion of three particles
occupying the angular points of an equilateral triangle moving under their mutual
gravitation.

The stability of this motion has been discussed by Routn (‘ Proc. Lond. Math.
Soc., VL, 1875 ; ¢ Rigid.Dynamics,” I, p. 61) in the case when the relative paths
of the particles are circles.* In what follows we do not assume this.

~

The three particles being S, E, M, take an axis through S, say SX, rotating with
éngular velocity 9, the line SE being supposed to coincide very nearly with SX.
Draw a perpendicular EH from E to SX, denote EH by y, and SH by A+, where
x, y will be considered small, their squares being neglected, but A is a variable finite

quantity. Draw a second axes SY through S at a constant angle—g with SX, and

* The following references may be of use:—OCHARLIER, ‘Die Mechanik des Himmels,” and Astr,
Nachr.,” 193, 15 ; STOCKWELL, ¢ Astron. Journ.,” 557 (1904) ; LanpERs, ¢ Arkiv for Mat.” (Stockholm),
IV., No. 20; Broww, ¢ Monthly Notices, R.A.S.,” LXXL (1911), pp. 489, 492; HEINricH, ‘Astr,
Nachr.,’ 194, 12 (December, 1912) ; Brock, ¢ Arkiv for Mat.,” X., 4 (1914).
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similarly, draw a perpendicular MK from M to SY ; denote SK, KM by A +¢ and ».
If R = SE, » = EM, p = MS, we have, with proper conventions of sign,

= (AtaPry, = (Ao,
= [ (A+8)—dnv/B—A—a P+ [5(A+e) V3 +i—y]

The accelerations of E, relatively to S, parallel to SX and parallel to HE are,
respectively,

A+w —%(A+g)-——;—q\/3—~(A+x)* F(A+¢)—49/3
(E+S) R? M e M ] ,03 ’

3 r i P3 _ .

the accelerations of M, relatively to S parallel to SY and parallel to KM, are,
respectively, .

—(M+S)%£—-E <21 F(A+8)—dn/3—(A+a) LV %(A+$)«/3+%n‘y>

re 2 7r®

_ F%(A+m)+—y\/3
R? ’

~(s9) 2 (3 A+ by /8 FAre)-bi/3-Aoa)

P P
,),.8

g W-i(hte) s

* If, then, in the equations of motion relatively to S, after expanding in powers of
z, 9, & n, we equate the finite and the small parts, the squares of x, y, £ » being
neglected, we obtain

A—APF = — 2

A&
and ‘
A®9 = constant, = A, say,
where ‘
© do d0 .
= - - T\I = —, — vy
w=9S+E+M, » 0 7 6 gk &e

| together with

!I

X_zéY.-‘éY-u(ét-&)X 3y/3 [4S+E+MX+(E——M) Y],

AP 4A3 V3
§5+2éX-+'0’X~—»<é2——1%>=2/§[(L M)X4/3 (BEM) Y],

VOL, CCXVI.—A. , X
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146 PROF. H. F. BAKER ON CERTAIN LINEAR
in which X, Y respectively denote £~z and »—y, and also

i — 209 — 0y — <62——B>x—3{§31\{[[Mf;3 +X\/3+Y]

Y+ 2058+ 0 — <62— E)y = 3{;5& [X-Y,/3]

The first equations have integrals expréssible by

—Z~=1+27\cos(9 ]fz,u
A ’ ! ’

the point (A, 6) moving in an ellipse of eccentricity 2 and semilatusrectum /. With
these values the other equations are much simplified if we take 0, instead of the
time ¢, as independent variable, as was pointed out to me by Mr. H. M. GARNER, of
St. John’s College, Cambridge. With this change they become

(1+2x cos 0) (X"—2Y'—X)—4x sin 0 (X' ~Y) = aX+AY, 0
(1.
(L+2x cos 8) (Y +2X/ —Y)—4nsin 0 (Y +X) = hX+bY,
where
_88-E-M , 3(E-M)3 p - —48+5 (E+M)
T do T 4u ’
and
;. dX no IX
X = 70 X = Tk &e.,
together with
142 cos 0) (2 —229/ —x) —4X sin 0 (' —y) — 2% = 3/3M (X\/3+Y),
du l

e (L)
(1421 cos 0) (¢ +2a/ —y) = 4N sin 6 (¥ +x) +y = %\{;M (X-Y.,/3). !
s

The first thing then is to solve the equations (1), after which the right side in (IL.)
will be known. Considerable simplification can be introduced by change of notation ;

let w = exp (—%{E), w® = exp <4;r’&)’

A=%a+b+2) =% H=4%(a-b+2h), K=4=%(a—b—2ih),

so that ) ,
. S+whE+w'™M . S+w’E+wM . m>
— g Dtwltw M =g DEWAHWM g o ()
H =4 S+E+M PTSYEYM 1K 4< 9
where ) _
= 97 SE+SM+EM

(S+E+M)y
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further

p = A+ (HK)! =g[1+<1-->] q:A-(HK)%=g[1:-<1Jﬂ5ﬂ,

so that ,
p+q =38, pg=7im’
Also
u = (142X cos 0) (X+2Y), » = (1+2x cos 0) (X—2Y),

\fvhereby the equations (I.) become

(1+2x cos 0) (v +20) = Au+Ho, Ly
(142 cos ) (v —210") = Ku+Av,} )
in which % = du/d6, &c., and then
= Ku+Hw, ¥ =Ku—Hh,
S0 that ®, ¥ are both real, and ‘
D+o¥ = 2K (1+2) cos 0) (X+1Y), D—i¥ = 2H! (1+2\ cos 6) (X—7Y),
and the equations (I.) become |
(1+ 22 cos 0) (B"—2¥') = pq),}
(L)’
(1+2X cos 9) (V"' +20') = q¥

in Whlch beside the eccentricity 2\, there are the two constants p, q, which are
dependent upon the single number m.
The equations (IL), by means of the changes

= (1+2xcos 6) (x+1y), V = (1+2\ cos 0) (x—1y),
become .

(142 cos 0) (U”+2:U") =3 (U+V) = %1\% (1—'&09)‘@, ]\
' ’ [ .. .o{ILy
)

Congider now the equations (IL.)”. * We know that the solutions are of the form

(1+2 cos 6) (V' —20V") =3 (U 4+ V) = %1‘5 (1—w) u
M .

® = Ce™F +C e F, + Cye™'F, + C,e™F,,
¥ = oG+ C oG+ Cye™ G, 4 Cpet* Gy,

where C, C,, C,, C, are arbitrary constants, F, F,, ..., G,, G are definite functions of

period 27, and «, xy, xy, x; are definite constants. When \ = 0, substituting in the
equations |

O =’ ¥ = P,
X 2
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we obtain
P +p+2eP =0, (o*+q)P—20 =0,

so that the values assumed by «, «;, «, ©;, when A = 0, ave the roots of the equation

(o-“ﬂ?) (6?+q) —4ds® = 0,
or

Thus

Ao m? = 0,
o=+ {E(L+m) +(1—m)},

and the four values are all imaginary when m > 1, and all real when m < 1.
Supposing 8> K> M, we find at once, from the formula for m, that the least
possible value of S/(S+X+M) in order that m < 1 is 0°96147..., but this requires M
to be very small; but if S/(S+E+M) be greater than 0°9618..., then m is certainly
<levenif E =DM In our solar system the sun’s mags is more than 99°8 per cent.
of the mass of the whole system; thus if 5 in our problem were the sun, and E, M
were any two planets of the system, the condition for m < 1 would be easily satisfied.
We shall then suppose m < 1.
Now compare with the equations (I.)” the equations

(1—2X\ cos 0) (B"—2¥') = p@,}

. (1IL)

(1—2X cos 0) (W' +29") = gV, _
obtained from (I.)” by change of the sign of X. They can also be obtained from (I.)”
by changing 6 into 0+=. This last change shows that the characteristic constants
belonging to the equations (II1.) are the same as for (I.)”, while the former change
shows that the values of « proper to (IIL.) are obtained by changing the sign of A in
the constants « appropriate for (I.)”.  When m is such that the values of « for A = 0,
namely, the four values of o above, are all different, a change in the sign of A cannot
interchange the values of x among themselves. Thus we infer that each « is unaltered
by changing the sign of X ; for two of the values of & can only be equal when m? = 1.
In the applications in view of which the question was first considered, S denotes the
sun, K denotes either Jupiter, or another planet such as Mercury, while M is of
negligible mass. When B is Jupiter we have

m* = 27 1o/ (14 a0 ) = 070257, X = 4(0°05) = 07025,
and m?*\ is nearly unity. When E is mercury
m? = 27/5°10° = 0°0000054, X =4+(02) =01,

and m? = 542%, m = (2'3) A%, nearly. In either case we may regard m as small, and
the four possible values of o are approximately

+ ( 1 —%”%2)7 + %mb
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of which the first two correspond to a period nearly the same but slightly greater
than that of E, and the last two correspond'to a period ,)%—L times that of E.  When

E is Jupiter, this last is 27 times the period of Jupiter, or nearly 150 years; when B
is Mercury, this period is approximately 200 years. As m is small we have approxi-

J— 1 2 —_ 1 2
_p -_ 3 1 :'5"}’72/ ) q —_— '.5"}7?/ .

To neglect m? would be to neglect the ratio 27E/S; but we may remark in passing
that if we put ¢ = 0, p = 3, the equations give

V' +2® = C, a constant,
together with
L+8\cosb g, _ oy,

(1)// —
+ 1+2X cos 0

of which the integration can be completed in finite terms. For it may be verified

that the equation ,
(L-+2) cos 0) D"+ (148X cos 0) D = 0

possesses the two integrals
sin 0 (1+2X cos 6),

cos 0—2x (1+ sin? 0) 4N cos 6+ 8)® cos 20+ 12\ sin 6 (142X cos 0) s,

where .
j' do
Y= | —2 |
1+2X\ cos €

§8. We consider briefly, first of all, what would be the application of the method
of infinite determinants to the equations (I.)”, which we may now write, with w, y for

®, ¥, in the forms
(L+2x cos 0) (" —2¢/) = pa,

(1+2x cos 0) (v +22') = qy.
‘We should substitute

o0 ®

oY { ‘] N 3 9

X = ZAnGz(Hn) , y = ZBnez(Hn) ,
—o

-— 0

and equate to zero the coeflicients of the various powers of ¢”. The substitution
. X 0
gives, if { = €%,

[THA(CHE]ZA, (k40 +20 (e+n) B, ] {*+pZA, 8" = 0,
(LA ()T 2B, (e +n) =20 (e+n) A, ] "+ qZB,E" = 0,
and, denoting x+n by «,, we obtain for the unknown coefficients A,, B, the equations

>\ (An—1K2n—-1 +‘ Q(I:Bn—-l’c —1) + An (Kn2 +p) + 2?"B71Kn "} >\ (An-l—l’czn+1 + 2Q:Bn+]'cn+l) = O)
A ( - ZéfA'n—l’Cn—l + Bn—l’fgn-l) - 2'L‘Aﬂz’fn + Bn (’Cn2 + Q) +A ( - 22‘An+1’<n+1 + Bn+1K2n4-1) =0
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If we now write

Pn = A-nKn2+ 2?’.Bn’(m Qn = —'QZ'AnKn + Bn"'n:aﬁ

which are equivalent with

n
S

A = i, P — 200, B, = 2P, +«,

" —‘Kn (Kn2—4) ’ K, (Icn2~——4)
the equations may be replaced by
7\:Pn——l +anPn+ann+7\Pn+l = O’h (A)
>\Qn—1+cnPn+ann+ ' >\Czn-;.l = 07 '
wherein )
-2
=1 p ) b — *p s
B o (52— 4)
2vq q
= sy =1t
= ien) T
80 that
: Ky —Ky +4m?
(Izndn ann = - nz (Kn2__4;1) )
1t being remembered that p+¢q = 3, pg = tm?
When we eliminate P, ;, ..., Q,,; from the equations (A), we obtain an infinite

determinant, which, leaving aside questions of convergence, we may denote by

A a, b, X
A e, d, A
A a b A
A ¢ d by
A a, b A

The product of the diagonal determinants a,d,—b,¢, is here

sin W(K'—O’l) .sin 7 (K'—O'Q) . 8in 71'([(“‘03) . sin (x-—-m) )

sin* 7w«

= 0.

where o, oy, o3, o, are the four roots of ¢*—¢”+4m* = 0, previously considered. In

using this determinant to obtain a further approximation to « it would seem
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appropriate to use a theorem® for the expression of a determinant of 27 rows and
columns as a Pfaffian, a sum 1.8.5 ... (2n—1) terms, of which each term is a product
of n factors, each factor being of the form

(12) = a,b,— o by +at ,—al by + ... +a,b ,—d'b,,

where the elements
albh a2b2> ey anbm

BN} BN P AN
a’lbl:a2 25 ...Cb,,b,,,

are the constituents of two rows of the determinant. For in this case the factors (12)
are easily calculated. But we do not pursue this method.
§ 9. Instead we proceed as follows. In the equations

[1T+X (4] [2"—2¢] = pe,

(142 (E+¢)] [y +22] = g,
where ¢ = ¢, write

x =X,  y=e"Y, k= o+ L,

in which «,, «,, ... are certain functions of p, g to be determined. Then the equations
become

(LA (648 [X/—2Y + 26 (X' = Y) X ] = pX,}
(1A (&) [Y7—2X + 20 (Y +X) Y] = ¢V,

which by the general theory are capable of periodic solution when « is properly
chosen. Put then

X = 14+ Ag + N2+ .., Y = P (LA 2%+ .00),
where P is a constant ; the differential equations then take the forms
(L+xw) (Hy+ 2 H; +NH, + ...) = pX,
(L+aw) (Ko + 2K+ VK, + ...) = g,
w denoting ¢+¢~. Comparing the coefficients of like poweré of A,
H, = p, K,=P, H,+wH, = pg,, K, +wK, = qPy,,

and, in general,

Hn+WHn«1 = p¢ns Kn+7’UKn-l = PQ’%,

H, = 107(‘1’1_@0)’ K, = Pg (y,—w),

* Proved in ScorT-MATHEWS® ° Determinants’ (1904), Chap. VIIL, p. 99, § 19. Also in BAKER,
¢ Multiply-periodic Functions,’ p. 314.

so that
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and, 1n general,

I, = p [p—1w, 1+, s~ ... +(—w)"],
K, = Pg [y, =,y + i, _y— ... +(—w)"],
where H,, K, are the .ccefﬁoients of A" respectively in
X" —=2Y 4+ 2 (X' =Y) —*X,
Y74+ 2X/ + 20 (Y + X) =Y.

In particular
H) = —2ieP~¢* K, = 2ic—d"P,
so that
v o +p+20P =0, 2= (*+q)P,
and, as previously,
ot —o?+gm? = 0,
while, if we write
I T

— 200’ 290

which are both pure imaginaries, we have PQ = 1.
Next
H, = ¢/, = 2P/, + 20 (¢, — Pi)) — o,

Kl =P [‘/’//1 -+ 2Q¢/1 + 210 (‘//1 + Q‘/’l) _'0'2301] 5

putting these respectively equal to p (¢, —w), Pq (Y, —w), we obtain two differential
equations for ¢, and V. If we assume

P = Al+A Yy = Bi{+B_{,
(&Y = irfr, (&) = —r2,

and notice that

we find, writing ¢, for o-+n, ,
r&l (0'124;]?) +2P’éch1 = P, A_l (0'_12 -i-p) -+ 21)@.0"_1]_))~1 =D,
Ie ——-AI . ZQ’&na'l + (0'12+ q) Bl = g, MA_12Q'?:0‘M1 -+ (0'_12+ q) B_l = Q.

Al = 0'14 - 0'12 + %772/2,
these give :

AA = (o +g)p+ g‘]" (" +p) g,

AB, = (07 4p) g+ 2P+ q) p,
a

with similar equations for A_,, B_,.
Proceeding similarly to equate terms in A% we find

¢t 2y~ py =20 (ot iar) — 26, (1P 4+ o) = p (py—1wep, +00?),
Vot Zioy s = oMy + 2Q (¢ lopy) — 20, (—0Q+0) = g (Yy—wif + ).
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If herein we assume
| b= ALHA G H, = BB K,
and equate terms in 2, {2, {°, we obtain
Ay (o2 4p) 42PinBy = p (Ai=1), A, (st tp) +2Pis B, = p(A—1),
—A,. 2Qio,+ (02 +q) B, = q(Bi—1), —A_,.2Qis_,+ (" ,+q)B_,=q(B_,—1),

and
(0’2+10) (H"K) +2x, (@P‘*"’) =p (AI '+‘A—1—'2)y

— (0'2+q) (H—-K) + 2k, (-—’L'Q-{"O') =q (B1+B_1-—2),
wherein the coefficients of H—K and «, have for determinant

(0'2+})) (——’L'Q'FO‘) + (0’2+q) ('I:P—i-o'),

0.(1__,,”2)%

which ig

and is not zero. That H, K should not be determinable separately is obvious
a priori; to regard H as zero would be equivalent to dividing X, Y by a power
serles in A’ with constant coefficients. We notice that the successive coefficients

A,A ,, ..., B, B ,areall real. The value found for «, is

. = 7 —64°
2 TP T oA (1407

A similar procedure can be continued. The differential equations for ¢ -, can be
solved by forms

by = AP+ AP H G H_ (Y, vy = B+ B+ Kl K (Y,
the differential equations for ¢,, 1, by forms |
by = A‘4§4+A~4§‘4+M2§2+M_2§—3+ M,
Vo = B+ B+ N+ N _{"+N,
and then the terms in {* will involve the unknown .quantities

(e*+p) (M=N) +2¢, 4P +0),

~(o"+q) (M—N) 26, (~iQ+),

from which «, is found. And it serves as verification of the computation to see that «,
involves H, K only in the combination H—K, as it must in order to be determined
without ambiguity.

VOL. COXVI.—A, Y


http://rsta.royalsocietypublishing.org/

A
/s
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

a

///

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

154 PROF. H. F. BAKER ON CERTAIN LINEAR

The value found for « is of the form

= L1+ (NG ALY + (W% NP2 %) o+ (N8, N2, NG A7)

’ 4 (7\4§'4, K4§"4, >\4§2’ >\4§~27 )\4) + ]’

or, 8ay, ) ’ .
@ = " [+ AUy + N Uy A+ NP, FNI TPyt e,

where every one of s, w,, w_y, Us, %_,, ... is a power series in A? with real coefficients,
not generally vanishing with A% And similarly for y.

§10. The interesting case of the preceding solution is that corresponding to the
value of & given by

\

17 1 1 1 m?
o=%[(14+m)—(1-m)t], =1Iim <1+ g + )

The quantity
B 7 —6o?
=P A T02) (1= 407)

is then equal to
Fm (7 +55m?)

approximately, and x,\” 1s of the order mA%, When m?cc X, this is of the order m” or
A when m e X%, it s of the order m™ or A%,  Thus a very few terms of the preceding
solutions would seem to be sufficient for practical cases.

PART 1I.

§11. A large part of the interest of Porncart’s ¢ Methodés Nouvelles de la
Mécanique Céleste’ depends on his criticism of the convergence of the series used
by astronomers, particularly those series in which the time enters only under
trigonometrical signs. In t. TL, p. 277, he refers to a linear differential equation

d*x

—d—i;+x(1+1//> = 0:

in which v, for our purposes, may be supposed to have a form
V= 4a cos ht+4b cos kt,

in which a, b are small. When A, £ are commensurable the equation has periodic
coefficients, and PoiNcarE makes the convergence of the series expressing the solution
depend on this circumstance (‘ Méth. Nouv., t. I, p. 66). Considering the case in
which A and £ are incommensurable, and so +» not periodic, and supposing @, b to
have common a small factor x, he obtains formal solutions of the differential equation
in sines and cosines, and says “les séries . . ., quon peut ordonner suivant les
puissances de p, ne sont plus convergentes” (‘ Méth Nouv.,” t. I, pp. 277, 278). On
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the contrary, I believe that the solution of the differential equation above, arranged
as a power series in o and b, converges for all finite values of these parameters,
and that this is a consequence of a general theory of linear differential equations
considered in papers®  published by me in 1902. As this theory is capable of
application to many other differential equations, as will be illustrated below by
application to the equation considered by G. W. Hirw for the motion of the moon’s
perigee, I wish to deal with it here, repeating the argument in part.
§ 12. Consider any system of linear differential equations, the n? coefficients

da; .
dg? = Upy 4 UL, (s

u; being functions of ¢ If these are considered only for real values of ¢, the
properties which we require to assume are that, along a certain range which we
shall suppose to include ¢ = 0, these functions u; are single-valued, limited, and
capable of integration, the same being true of certain other functions derived from
these by multiplications, and further, that certain infinite series, which we shall
prove to be absolutely and uniformly convergent, are capable of differentiation, term
by term. But in the majority of practical cases the coefficients u; may be looked
upon as the values, when ¢ is real, of functions of a complex variable ¢&. In this case
we suppose a star region to be defined by lines passing to infinity from certain points
in the finite part of the plane, which we call the singular points; we suppose ¢t = 0
not to be a singular point, and the lines may be straight continuations of the radii
joining the origin to these singular points. Within this star region, bounded by the
lines in question, the functions u,; are supposed to be single-valued and capable of
development by power series about every point, forming monogenic analytic functions
in the usual sense. Taking then any region within this star region, we obtain
solutions of the differential equations, with arbitrary values for ¢ = 0, in the form of
infinite series of functions, obtained by quadratures, which are proved to converge
absolutely and uniformly within the region taken.

The method of forming these solutions is extremely simple, involving only
integrations and multiplications, but the way in which the work is arranged, though
often of great utility, does not seem yet to find common acceptance, and some words
must be given to it.

* ¢Proc. Lond. Math. Soc.,” XXXIV., 1902, p. 355 ; XXXV., 1902, p. 339. See also the same ‘ Proc.,’
2nd Series, I, p. 293, where it is explained that the same idea had already been used by Prano
and others. To me the method was independently suggested by the theory of continuous groups,
¢ Proc. Lond. Math. Soc.,” XXXIV., 1902, p. 91. POINCARE'S conclusions as to the convergence of
astronomical series have been criticised by G. W. Hirr, ¢ Coll. Works,” IV., p. 94 ; but the point there at
issue is different from that considered here. In connexion with an example considered by POINCARE,
loc. cit., p. 279, see BRUNS, ¢ Astr. Nachr.,” No. 2606 (CIX., 1884), pp. 217, 218. Also Borxl, ¢Théorie
des Fonctions’ (1898), p. 27 ; Harpy, ¢ Quart. Journ., XXXV, p. 93: ¢ Proc. Lond. Math. Soc.,” III.,
p. 441, and the references there given.

Y 2
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The 7® quantities wu; can be arranged to form a square of n rows and n columns,
the first suffix ¢+ denoting the row, and the second suffix 7 denoting the column in
which a particular element w,;, is placed. This square is denoted by a single symbol,
say u, and called a matrix. The symbol wv, formed from the two symbols u, v,
written in a definite order, denotes then another matrix whose (%, 7)™ element has

the value
UV + WgVgs + oo+ Uy Vi,

which is formed from the elements of the ¢ row of the matrix u and those of the
J*" column of the matrix ». This new matrix uv is called the product of » and v,
taken in this order ; it is generally different from vu. The symbol 1, when used for
a matrix of an assigned number of rows and columns, denotes the matrix of which
every element is zero except those in the diagonal, all of which have the same value,
unity ; it is easy to see that any matrix is unaltered by multiplication with the
matrix unity of the same number of rows and columns. The symbol %! denotes
the matrix such that the product »~'u is the matrix unity ; in that case uu™" is equal
to uw'u; the symbol w~! is nugatory when the determinant formed with the elements
of w is zero, and only then. In general, the determinant formed with the elements
of w will be denoted by |u|. By the sum, u+wv, of two matrices u, v, of the same
number of rows and columns, is meant the matrix whose (s, J)"™ element is u;+wv,,
and, similarly, for the difference. Frequently we denote the aggregate of a row of
n quantities, x;, @,, ..., x, by the single letter 2 ; then if % be a matrix of n rows and
columns, the symbol ux denotes a set of n quantities of which the ¢ is

uil.’l,'l + uiﬂlg +‘ ces + umwn.

By the differential coefficient of a matrix we mean the single matrix whose elements
are the differential coefficients of the given one. In what follows, if the (7, 7)™
element of a matrix % be a function of ¢, we denote by Qu the matrix of which the
(2, 7)™ element is the integral of w,; taken in regard to ¢ from ¢t = 0 to ¢t =¢. If, for
an instant this matrix Qu be denoted by v, the product matrix uv will be denoted
by uQu, and the matrix Q (uv), or Q (uQu), will be denoted by QuQu. Similarly,
Q (. QuQu) will be denoted by QuQuQu, and so on.

Now consider a matrix of which the (7, 7)™ element is the infinite series formed by
the sum of the (7, J)** elements taken from the matrix unity (of the same number of
rows and columns as u), the matrix Qu, the matrix QuQu, the matrix QuQuQu, and
so on. This will be denoted by

Q(u) = 1+Qu+QuQu+QuQuQu+ ...,

and the series on the right will be said to be uniformly and absolutely convergent
when this property is proved to hold for each of the n* infinite series which constitute
its elements.


http://rsta.royalsocietypublishing.org/

i \
I \

a4
A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

DIFFERENTIAL EQUATIONS OF ASTRONOMICAL INTEREST. 157

Repeating now the demonstration given, ¢ Proc. Lond. Math. Soc., April 10, 1902,
p. 354, let u* denote the (7, 7)™ element of the matrix Qu, that is,

t :
uijm = L Uy di 5

similarly, let u;® denote the (7, j)" element of the matrix QuQu, namely,
@ ' () W, ®
u,? = L l-,,u’il,u’ljl FUigha; Vs U 1dt,

and so on. For the region chosen within the star region above explained, when the
functions wu,; are functions of a complex variable, or for the range of values of ¢
adopted when the elements u,; are functions of a real variable, there will exist a real
positive quantity M, not exceeded by the absolute value of w,; for the values of ¢
involved. Taking a path of integration limited to such values, from the origin ¢ = 0
to ¢ = ¢, this being a rectifiable curve of length s, let ¢, be an intermediate point of
this path, the length of the path from the origin to # being s,. Then we have,
considering absolute values,
_ luij(l) (t) l = Mij JO ds, = SMip
and in particular
]uij(l) (tl) ] = slMij'

Similarly,
|uij(2) (t) ] = L (MilslM]j +.o+ Minsanj) ds,;

now if M denote the matrix whose (7, 7)™ clement is My, the (¢, 7)™ element of the
matrix M? formed by the product of M with itself, will be
MﬂMlj + MiZMQj +...+ MinMnj’
which we may denote by (M?);; thence
g (O ZO8), || 5, ds, 45 (O),,
and in particular

{ uij(z) ()| =5 (Mz)ij'

We can continue this process. - The next step will be

]uﬁ(“) ()= J $8," ds, [M, (M2)1j ‘* e+ M, (M2)nj]$

0

— s° 5
:-<— E(M' )zj'
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Thus we see that each of the n? infinite series constituting the elements of the
matrix

Q(v) = 1+ Qu+QuQu-t...

has terms whose moduli are respectively equal to, or less than, the real positive terms
of the corresponding infinite series constituting the elements of the matrix

LM S Mg S ey
2! ’§i ea e o

This last is, however, certainly convergent for all finite values of s, whatever be
the (finite) values of the elements of the matrix M. For the case when the algebraic
equation satisfied by M has unequal roots, its sum is given by the formula of  Proc.
Lond. Math. Soc.,” XXXIV., February 14, 1901, p. 114, which can be easily modified
to meet the case of unequal roots.

Thus each of the elements of the matrix Q(u) is an absolutely and uniformly
convergent series; in the case when the elements u; are functions of the complex
variable, as explained above, it follows that every element of the matrix Q(u) is a
function of the complex variable, and differentiation (and integration) of the series
representing this element is permissible, term by term. For the case of real functions
we introduce this as a condition.

Hence, if a° denote a row of n arbitrary values z° ., ..., &, the row of =

quantities denoted by
x=Q(u)a®

is at once seen to form a set of n integrals of the differential equations, reducing for
t = 0 to the arbitrary values 2, that is, x; reducing to «/. For if v denote any
matrix, of n rows and columns, whose elements are differentiable functions of ¢, if a°
denote a row of n constants, and y the set of n functions given by

= v,
that 1s, ,
Yo = 0" 00"+ o VR,
we have . :
d 5 d'UQ; dvin

which, 1if % denote the matrix whose elements are the differential coefficients of the

elements of v, we can denote by

dy _ dv

P T
Hence the equation -

x = Q(u)a’
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gives
de _d
= = (14+Qu+QuQu+...) x°,
1 @ (14 QuaQuQuit..)

= % [14+Qu+Q (uQu)+Q (uQuQu)+...] =,

= [u+uQu+uQuQu+...] 2",
= u|1+Qu+QuQu+...]2°,
= u$2 (u) 2, '

or

dafdt = ua,

so that the functions x = Q (u) 2° satisfy the differential equations. By the definition,
Qu; reduces to zero for ¢ = 0; hence Q (u) reduces to its first term, the matrix unity,
when ¢t = 0; that is, z = Q (1) 2° reduces to « = x° when ¢ = 0. :

In what follows we shall require a particular property of the matrix Q (), given in
‘Proc. Lond. Math. Soé.,’ XXXV, December 11, 1902, p. 839. If u, v be any two
matrices of n rows and columns, of similar character to the % considered above, the
property is expressed by

Q(u+v) = Q(u)Q{[Q(u)]vQ (u)},
where [€(u)]"! is the matrix inverse to Q (), defined above, such that [Q(u)]' Q(u) = 1.

The theorem is nugatory when the determinant of Q (u) is zero. 1t is only equivalent
to saying that if in the system of linear differential equations

%’%" = (u+v)w,
that 1s,
%”j = (o) mt o+ (Ut vs) @,

we introduce a set of » new dependent variables, denoted by z by means of the
equations
x=Qwz o z=[Qw)|
then
dzfdt = [Q (u)] vQ (u) 2.
This follows at once {rom

(u+v)x = do _ (—)ZC-ZZ[Q (u)z] = [g—; Q (u)]z—i—Q(u dz

T dt di
= [0 ()] 2+ (u) % — 00 (1) 2+ Q () %

= wuw+Q (u) (—C% ;
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which gives

Q(u)%—z:vw = 08 (u) 2.

In what follows we shall generally write Q- (u) in place of [Q (u)].

Another property to be noticed® is that the determinant of the matrix Q (w) is
equal to the exponential of the sum of the integrals from 0 to ¢ of the diagonal
elements of the matrix w. For, if Q; denote the general element of Q(u), the
equation

d
7 Q(uw) = u (u),

already remarked, is the aggregate of the equations

dt - uﬂQl]-—i— e +u'in9nj.

Further, the differential coefficient of a determinant of 7 rows and columns can be
written as a sum of n determinants, each of which is obtained from the original
determinant by replacing the elements of one row respectively by their differential
coefficients. Hence we at once see that, if A denote the determinant of Q (u),

AA[dE = (Uy + Uyt oo 1) A,

which establishes the result in question.
In particular, if the sum of the diagonal elements of «,

Uyt Uge+ ooo +Uppy

be zero, the determinant of Q(u) is independent of ¢, and is thus equal to unity.
This result is of frequent application. '
§ 13. After these introductory remarks we may at once show that the equation

do B+ 4b cos kt) =

= + 2 (144w cos ht+4b cos kt) = 0,
to which reference has been made, is capable of solution as an absolutely and
uniformly converging series in a, b, whatever A and k may be. It will be as simple,
and of utility for other applications we wish to make, to take the equation

o’

g T x (n?+) = 0,

in which we may suppose n to be an integer.

* (f. DARBOUX, ‘ Compt. Rend.,” XC. (1880), p. 526.
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In this last equation, put

X = Le™t <%% —«z'mc> , Y =4e™ <%llgt—c +inx> ,
leading to '
, —inx = Xe ™ —Ye, dxfdt = Xe ™+ Ye;
then we have

d__}_( — _% ant —int _ int
57 5 ¢ (Xe Yet),

QZ_X —_ M —int —int __ wnl
= Tt (Xe Yet).
Writing
Qut =1, (=¢,
these are :
@}—( = I_ —_— n _C_Z_X — __\k_ —-n__
dr ~ 4n (X Yf )’ dr 4n (X§ Y)a
or, say, .
dix yy— _ ¥ _en
T(X, Y) - 4% 1: § (X: Y);
f—-n, ___1

where, as is usual, the single quantity —Zin, written before the matrix, is to be

multiplied into every element of the matrix.
In particular, when n = 1, v = 4a cos ht +4b cos kt,

(X, V) = (ap+bg) (X, V),

where p, g denote the matrices

P = %(s“ﬁ"+§“—’")< ~1, s°>, q= %(§5k+§'é")< =1, &y
~§_1, 1 ___g—~1’ 1)

Thus the solution is expressed by
(X, Y) = Q(ap+bg) (X', Y°),
where Q (ap+bq) is of the form

L+aQp +0Qq +a*QpRp+ab (QpQy+QqQp) +6*QgQq + ..,

and we have proved that this series is uniformly and absolutely convergent.

TIf we assume such a form of solution it is easy by successive steps to obtain the
values of the coefficients independently of the method we have adopted. What is of
present importance is that we have shown the series to be convergent, a fact which
appears to be denied by POINCARE.

VOL. CCXVI—A. 7


http://rsta.royalsocietypublishing.org/

A
/A A
a

A

THE ROYAL |
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

A
A
Y

A
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

162 PROF. 1. F. BAKER ON CERTAIN LINEAR

§ 14. Leaving aside this point, we pass on now to the application of the general
method here explained to the computation of the integrals of particular differential
equations with periodic coeflicients, as, for instance, the equation for the motion of
the lunar perigee, considered by G. W. HiwLr.

It is known from the general theory that the solutions of the n equations

dafdt = upwy+ oo+, (=1,2, .., 0),

in which w,, ..., u, are single-valued functions with a common period, say w, can be
written, in the most general case, in the forms

xi = A].e)\lt‘j)il + .ot A-ne)\"t(/)im

wherein A, ..., A, are arbitrary constants, \;, ..., A, are n definite constants, and the
functions ¢, are n? definite functions all with the period w. In many applications it
is the constants A, ..., A, which it is of most importance to find; when these are all
pure imaginaries, the motion* represented by the differential equations presents,
beyond the fundamental period w, secondary oscillations of periods 2xfix,, and the
motion is conventionally said to be stable.

We show first how this form of solution naturally arises from the point of view we
have adopted.

Write Q. () in place of Q (u), and for simplicity write only two rows and columns
of the matrix, though the argument is quite general. Make the limitation, which,
as is well known, does not cover all cases, that there exists a matrix of constants, A,
of n rows and columns, whose inverse is denoted by A7, such that the complete
matrix ©,° (x) can be written in the form

Qe (u) = h/eé*, 0 \A™
O, eicgw

with only diagonal elements, here denoted by ¢*”, ¢**, in the reduced matrix. This
will be so, in the technical phraseology, if the matrix €, (u) has linear invariant
factors.t Then, from the definition of Q (u),

Qo (u) = Q* (u) . Qp (u),

while, as % has period w,
Q7+ (u) = Q) (u).

* Tnteresting physical examplés are given by Lord Rayrzrc, ¢ Collected Works,” IIL, p. 1.

+ A proof of the general theorem for the reduction of a matrix, valid when this is of vanishing
determinant, is given, ‘ Proc. Camb. Phil. Soc.,” XII. (1903), p. 65. The literature of this matter, which
begins with SYLVESTER, ¢ Coll. Papers,” L, pp. 119, 139, 219, and WrIERSTRASS, ‘ Ges. Werke,” L, p. 233,
is very wide. The reader may consult MUTH, ¢ Elementartheiler,” Leipzig, 1899.
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Hence
Qo (u) . b= Qf (w). h /e, 0 >h‘1,
O, eicgw
and so

Qert(u). b fematsd 0 = Q) (u) b /e 0.
0, o= lw+1) 0, e

This shows that the matrix on the right has period w. Put then

Pt =Qf(u)h /e, 0 \A,
O, C-—'I:Czt

which has period w, and is such that Py» = P,° = 1. The matrix Q' (u) can therefore

be written in the form
Qf(u) =Pt . h/e, 0N\h,
O, 6iczt

which is the theorem in questio‘n‘.
We now compare this with the form of solution of the original differential
equations by the method of successive approximation followed by LAGRANGE,

Larracgk, and others. We have
et 0\ = 1+@'t<cl, 0\ + (;t?“<012, 0N\ +...;
0, e 0, ¢ 0, ¢’

Qf () = Py+(P (hyh?) + .2‘.2_'13 (hy"h=1) + ...,

thus

where P is written for P, and y is written for

¢y, 0>.
O) 7‘.02,

If then, as in Larrnack, ‘Mée. Cél, Liv. II., Ch. V., t. L., of the edition of 1878.
p- 266, we obtain the solutions of the differential equations in the form

(Pl4+tA+*B+...) 2",

where A, B are certain periodic matrices, and #° is a row of arbitrary constants,
we can obtain the constants ic,, ic,, which are the most important quantities in many
applications, by taking the matriz A, which arises as the coefficient of t,"and s equal
. our notation to
Pt (hyh™),
zZ 2
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putteng therein t = 0, so obtawnang, say A, equal i our notation to hyh™, and then

solving the determanantal equation

[A—A[= 0,
whose roots are ic, and ic,, This process will be found to be equivalent to the
general procedure explained by LaprLace, in the passage above referred to, for
bringing the time under trigonometrical signs. We have considered only the case
of linear differential equations with periodic coeflicients, and have supposed Q,* (1) to
have linear Invariant factors; LAPLACE'S method, if less definite, is of much wider

application. An interesting exposition of the method in general is given by
M. O. CarrLANDREAU, ¢ Ann. de I'Observ. de Paris, XXII., 1896, pp. 16, 20.

We may notice that
A, = h/1e, O\A?
0, ¢,

Q(A) =h <ew, 0 >h
O, eith/

Q(u) =Pt Q(A)
= P! (1+tA,+52A2+...),

gives

so that we also have

and the quantities ¢, ¢ are the roots of the equation
|2y (w)—p| = 0.

§15. When the sum of the diagonal elements of the matrix » is zero, the
determinant of Q () is unity, as above remarked. In this case, when n = 2, the two
quantities e, ¢ are inverses and ¢, = —¢,. In this case the equation =~

Qg (u)—p| =0

gives at once the value of coscw. This appears, however, a less advantageous way
of determining ¢, ¢, than that-explained above, as requiring greater approximation
in the calculation of Qf (u), as will be seen in examples. ’

The fact that ¢, ¢, are equal and of opposite signs is a particular case of a

well-known theorem for the variational equations arising in the general dynamical

case, which is proved by Pomncarf (‘ Méth. Nouv.,” 1., 193). The following proof,
though longer, appears more fundamental in character. ~The general dynamical
equations beihg

dx, oF dy, ~ oF

dt oy, dt ow,
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where it will-be sufficient to suppose 7 to have the values 1, 2; let
w,o=¢.(t),  y= (),
be a solution of these equationé. Substitute in the differential equations
= ¢ (O)+En Yo =V )+

and retain only first powers of the quantities & and 5, which are supposed to be
small.  We thence obtain a system of linear differential equations of the form

/% d_’?; dfz d’?z‘ -1
dt ’ At ’ dt ’ Olt) = 18 A-(fla M- 527 ’72)5

where 3 is the skew-symmetrical matrix of constants given by

B= /0 —-1 0 0.,

o 0 1 0
(so that 8~* = —p), and A is a symmetrical matrix whose elements are functions of ¢.
We then have the theorems following :—

() The roots of the determinantal equation for X,
|B~'A—x|= 0,
fall into pairs of equal roots of opposite sign ;
(b) The determinantal equation for p,

|Q(BA)—p| =0,

is a reciprocal equation, unaltered by changing p into p=.

To express the proof we require a notation for the matrix obtained from a given
matrix % by interchanging its rows with its columns, thus placing the element Uy In
the (7, ¢)™ instead of the (4, 7)™ place. This transposed matrix may be denoted by
trs (1) or by w. It is easy also to show that

[Q2(w)]™' = trs [Q(—u)]

Then (2) is immediate from the obvious relations among determinants expressed by

[A=Br|=|A—-B\=|A+p8\],
since A = A, B8 = —8. '
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For (b), since
B2 (u) B~ = Q(BuB™),  trs(B'A) = —ABY,

we have the following transformations of matrices
[Q(B7A)] = trs[Q (AB™)] = trs [B2 (B77A) B7'] = B~ [trs @ (871A)] B,
and hence, writing Q= (u) for [Q (u) ], the following equations among determinants
|07 (87 8) = = [trs ©(874)—p | = |2 (B7A) —p],

which establishes the result in question.
§ 16. In many dynamical applications the matrix A is a sum of two matrices

A=atd,

where o is a symmetrical matrix of real constants, and ¥ a symmetrical matrix whose
elements are small. Suppose, further, that p, denoting a row of 2n real variables
P1, Pos -+, the matrix a is such that the quadratic form

does not vanish unless every one of the 2 elements of p is zero, which requires that
the determinant |a| is not zero. Then, if this quadratic form be denoted by ap?
and if each of ¢ and 5 be a row of 2n real quantities, the form

a(gt+in) (6—in), = af+ia(né—&)+ar, = a(&+r),

has the same property.
When this is so, it can be shown that the roots of the detemnnantal equation in v,

]B—I“—V’I =0,
are pure imaginaries, and that the invariant factors of the matrix 8~'a—1 are linear.
As the proof is not long it may be given here (¢f. ‘ Proc. Lond. Math. Soc.,” XXXV,
December 11, 1902, p. 380).
Let v satisfy the determinantal equation
=By | = 0;

as the determinant || is nof zero, y» cannot be zero. Then 2n quantities x;, @, ...,
whose aggregate is denoted by x, can be taken to satisfy the 2n linear equations

(ot—,@l//) x = 0.

If a, denote the row formed by the 2n quantities \Vhlf‘h are the conjugate complexes
of those of x, we have in turn

axx, = \YBrx,, ‘X = x/waOx, Xy = —rBr,,
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and, therefore, v, being the conjugate complex of -

XX, = —\roBra.
Hence
( 1 1 >
— + — | axx, = 0,
W ’

showing that v ++, = 0, which proves that v is a pure imaginary.
Writing A for 47, the equations above are the same as

(a7'B=N)x = 0;

we prove that the invariant factors are linear by showing® that it is not possible
to find a row of 2n quantities ¢,, ¥,, ..., such that

(a7'B=2)y = a.
For this would involve
(B—ar) yx, = axx,,

of which the right side is real, so that, X\ being a pure imaginary, either of these
would be equal to

(B+an) yor; = (B+ar)ay, = (—B+ar) zy,
of which the last is zero in virtue of
(a”ﬂ@-——)\) x = 0.

As awxx, is not zero, the assumed equation for y is impossible, and the invariant
factors are linear.
From this fact it follows that it is possible to find a matrix A such that

h='B ah = oy 0 0 0

O 0 O —"?:0-2
where oy, o, are real. Then the given differential equations, which are of the form

dg d d dy, _ _
<—C—l57’ -élga 7‘%, E’?> = (/8 ‘a+ 3 13) (51; ny Eo ’72):

if transformed by the linear substitution

(fh N1s 529 ’72) = b’ <X1, Yl: X2) Y2)

* See, for example, ¢ Proc. Camb. Phil. Soc.,” XII. (1903), p. 65.
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take the forms

dX, dyY, dX, dy,, . |
(o T ) = O (N Y X X))

where o denotes the matrix above written, with only diagonal elements oy, &c.,
and O 1s the matrix

0 = LB Y.
The solutions of these equations are then expressed by
(X, Y, X, Y)) = Q(a+6) (X, Y, X0, YY),
where X, Y,°, ..., are the initial values. Now, by a previously given formula,
Q(c+0) = Q) Q[ (s)0Q(s)],

where © (o) has the simple form

Q(s) = gt 0 0 0 ;
0 e 0 0

00 e 0
S

the solution is thereby expressed in powers of the small quantities occurring in 3.

The preceding work has wide applications; a particular case is that of the
oscillations of a dynamical system about a state of steady motion, for which 3, and
0, is zero. '

[ October 30, 1915 —To prevent misunderstanding, two remarks may be added to
§16. The condition that the quadratic form awx* should be positive, though sufficient,
is not necessary in order that the roots of the determinantal equation (8~'a—v) = 0
should be pure imaginaries. Ior instance, if «, b, u, v be real positive constants, and

H be a quadratic form
u? v’
H = La (y,—nx.) +3b (y,—mw, ) — 5 x2— % .’

the motion about &, = 0, a, = 0, 7, = 0, y, = 0 expressed by the equations
@ = oH/[dy,, in = —oH[ow,, ay= 0H[dy, ¢, = —0H[ox,,

is instantaneously stable if ab (m—n)? > (1+v)?, the corresponding quartic equation
having all its roots purely imaginary. This essentially is the case mnoticed by
Tuomson and Tarr, ¢ Natural Philosophy,” L., pp. 395, 398, where the illustration is
that of a gyrostat balanced on gimbals. A simple illustration is also that of the
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oscillations about steady motion of a weight suspended by a string of which the
other end is made to describe uniformly a horizontal circle, in the case in which the
string intersects the vertical drawn downwards from the centre of the circle described
by its upper end. This motion is not, however, secularly stable when there is
Dissipativity (TrHOMsON and TA1m, as above, p. 388) ; and, of course, not instantaneously
stable, the roots of the corresponding quartic equation having real parts of which some
are positive.

A second remark relates to the generality of the form of the differential equations
used in the text. Equations such as

d <8T> oT. . . oF oV _
dt\ox,/ o, F Bt Bttt o, + ox, Q.
where 3,, 1s a function of =z, ..., @, capable of expression in terms of n functions
Bi, ..., B, In the form ;
g, =96 _ 9B
" ox, Ouw,

are included in this form, with a slight modification due to the presence of the
Dissipativity I, and the supposed non-conservative forces Q,. For this it is only
necessary to take

L=T+8&+...+B,2,— V,
o= oL, . oL

= Ly B e L
Prag, T g T
and to eliminate @, ..., #,, in the familiar way, from the n equations
_ oL
Then the final equations are
. _oH .  oH oF
= =T Tt

Particular illustrations are: (1) the equations of TrHOMSsON and T 1T (as above), p. 892,
for which the coefficients ,, are constants. Then we may take 8, = c, @+ ... +¢,2,,
where the constant coefficients c¢,, are in part arbitrary; (2) the equations of Lord
KeLvin for liquid motions of ring-shaped solids, * Collected Papers,” IV. (1910), p. 106 ;
(8) the equations of motion of a system relatively to a rotating frame (Lawms, ¢ Hydro-
dynamics, third edition (1906), p. 294. (f. THomsoN and TA1r, as above, § 319, p. 307,
and p. 819), for which we may take, if (& », {) be the co-ordinates of a point of the
system relatively to the rotating frame,

B, = wzm<.§ O —y ?i>
dx, o,
VOL. CCXVI,—A. 2 A
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The equation of energy in general is at once seen to be

dH _ o . oF

S == 20,
dt ot Qi

O ok,
so that if H be explicitly independent of the time, the forces Q, be absent, and F be
a homogeneous quadratic function of 74, ..., @,,

dH

§ 17, The simplicity of the formulation depends on the fact that the invariant
factors of B~'a—+ are linear. We have obtained this by assuming that the form ap®
only vanishes when every element of p is zero. But the invariant factors may be
linear when this is not so, and the roots of the determinantal equation are not pure
imaginaries. For instance, take HILL's equations for the motion of the moon, under

certain limitations,

d*x dy <,u > Py o ode uy
L =2 = (5807 e =0, =2 42n ==+ =0
de? dar "\ arr T dt
Writing
= - ff — 302t + % (X +ny)? +4 (Y —na)?,

these are the same as

de _oF dX __F dy oF dY _ _oF
dt — oX’' dt ox’ dt oY di oy’

The so-called moon of no quadratures is obtained by variation from the solution
expressed by
x=¢, X=0, y=0, Y =i,

where o is given by wu = 8n%"; this is a position of relative equilibrium, The
matrix & of the notation used above is zero; the matrix « is

—-8n* 0 0 )
0 1 7 0
0 n  4n® 0

N o-n 00 1/

In this case the quadratic form ap?® is

2

— 9002 4+ py+2np,)* + (npy ~y)
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and vanishes when p, = p, = 0, p, = —2np; But the roots of the determinantal
equation

By = 0

are all different, and therefore the imvariant factors are linear.

The roots are
V=4 n{(28)+1F, = tin{(28)~1},

of which only two aré pure imaginaries ; thus not every disturbed orbit is periodic.

§ 18. We pass on now to give the details of the application of the general method
above explained to the computation of some particular cases. |

A very simple case may be first given, merely as an example of the notation and
method, since the results, once obtained, are easily verified.

Take the equations

Cgf = —x cost+y (1+ sin ),
2 —Cg—: = —x(1—sin ¢)+y cos .
These may be written -
Ol(z"l,é ) /0, 1 +'§J§<~ cost, sin t>>' (x, ),
- \—1, 0) \ sint, cost/ _
or, say, ‘
dizy) _,
—a (u+v) (z, ),
where -

u=%<0, 1\, v=%/—cost, sint).
S \~1, 0 sint, cost
We have at once
(2u)? =( 0, 1 < 0, 1\ =—1,
’ =1, 0/ \—-1, 0

and therefore

2 3
Q(u) = 1+ut+~g—1tz+—%‘7 oty
1 I 1, 1 ;
=1- 5 (Fty+ 1 (F) = ... +2u 4‘{%5“”8“! (3¢)*+ },

= cosut+/ 0, 1\ sin st
-1, 0
=/ cos¥t, sin t\.
—sin 4¢, cos ¢

2 A2
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Q' (u) = /cos 5, — sin t\.
sin 4,  cos &t
Wherefore
Q' (u).v.Q(u) =4 /cosdt, —sindt\ /—cost, sint\ Q(u)
sin &£,  cos %t siné, cost
=% /—cos ¢, sin %t> Q (u)
sin 41,  cos 3t

=L1/-1, 0\. :
0, 1

Denoting this by %¢, we find ¢* = 1, and hence

This gives

2 3
QIO () vQ(u)] = 1+5at+ % () + %—7—1 FHP+...,

= chit+osh 3,

= /e7¥ 0\.
0, e
Thus the solution is

(@, y) = Q(u+v) (@, ¢') = / cosdt, sindt\ Je¥ 0\ (2 9),
—sin 4t, cos 3t 0, &

namel
Y — 0= aog 11 00 Gin L
X = x'e” cos yl+y e’ sin i,

—3t

y = —ax’e M sin 4+ ¢ cos L.

The period of the coefficients in the original equation is 2. The functions cos 4,
sin ¢ have only the period 4. To bring the result into the form given by the
general theory we may write

E, ; T .
x = gle 30+t %(elt_*_l)_‘_yoez(l—{-l)t. _2_2(1_6~zt)’

Y= — 3?‘)6~%(1+i)t . 2_17:(61'&__ 1)+y06§(1+i)t . %(1 +e—-it)’

the so-called characteristic exponents being

4 (1+12).
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§ 19. We now consider cases of the equations

d \ — _1,{’_ h __¢&n Y .

§' n’ -1
these are derivable from the equation

2
~leg + (P4 = 0
by taking
ot (A : ot (AT .
___l_Jmt___/‘ — L ,—int [ N ; — — o7
X =1 <dt zmz>, Y = 3e <0Zt —Hm&), =t (=¢,
leading to

xr = __?Z_ (Xe—-int__Ye'int)
n '

As we wish particularly to illustrate the method of obtaining the characteristic
“exponents from the present point of view, we take first a case in which explicit terms
in 7 arise early in the method of successive approximation. We take namely n = 1,
and suppose

% = A+ 2)\k; cos 2+ 27\%k, cos 4t+ ...,
= N +Neyw, +Nkyw,+ ...,

where X is small, and w, is used to denote ¢+
Denoting 1y by ¢, our differential equations are

d(X, Y
'—L(—:l—;—‘} =’LL<X, Y),

u =< —¢, ¢§>._
—{7h ¢
The coefficients in these equations have period 2ri; by what we have previously
shown (§§ 14, 15), the solution is of the form

(X, Y) = P <e 0 >h-1 (X0, Y0),

where

0, e

where P is a matrix whose elements have the period 2, A is a matrix of constants,
and g 1s the constant which we particularly desire to find. As

x =1 (Xe "—Ye"),

this corresponds to characteristic factors e¥0+20¢ for the original equation in ¢, whose
coefficients have period =. The quantity ¢ is to be found by determining the terms in
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174 PROF. H. I BAKER ON CERTAIN LINEAR

7 in the solution of the (X, Y) equations, and forming from this, after putting ~ = 0,
a determinantal equation (§ 14).
We are to calculate in turn Qu, QuQu, &c., and arrange the result according to

powers of A.  First we have
‘ Qu = /a,, b1>:
<Cl> ey

Gy = — ng/) CZ’T, 2)1 = j (/)(? (/\‘/773

0

where

/)CZ’T;

3 5 \ B [
Cp = — j0§ 195 CZ’)‘, &7:1 == JO

~

thus, as ¢ is unaltered by changing the sign of =, b, can be obtained from ¢, by
changing the sign of -, and similarly d, from @,. This we denote by writing

J J !
b, =¢,, d =d,.

Then
ulQu = < -, §</>> (601, c’l\,
"“§—]¢: : ‘i’ C1y C[’,l/
= < —pa+$pe,  —pci+{pay )
—$ o+ ey, —{Tlpd +galy
and hence
QuQu = (O&Z )\,
02; 06’2
where

a=[plmmtie)dn,  di=[p(=ciria)dr
0 . 1]

= [ e teydn, o= [ plaimce) d

so that ¢/, is obtained from a, by changing the sign of + throughout, and similarly ¢/,
from ¢, In general, in passing from a term of € (u) involving = integrations to one
involving (r+1) integrations, we shall have a law expressible by

A= j.(f/’ (=A,+C)dr, C,,, = L{f“qs (—A.+ §U,) drr,
and the new term, like that from which it is derived, will be of the form

\l
<Ar+13 O r-l—l>s
N ¥
(Jr+1$ A- r+1

/
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DIFFERENTIAL EQUATIONS OF ASTRONOMICAL INTEREST. 175

where A’,,, is derived from A,,, by change of the sign of =, and similarly C/, ; from
C

710 . :
Thus, when in Q(u) we pick out the coefficient of =, as it occurs explicitly,

independently of its occurrence in ¢, and in this coefficient put + = 0, we shall obtain

a series of the form
<0‘1: '—Vl>+<a2; —"V2>+...,
Yis T Yoy Oy

where the first of these comes from Qu and involves terms in A and higher powers,
the second comes from Qu@Qu and involves terms in A? and higher powers, and so on.
And the equation for ¢ will be of the form

mtoyt..—=¢  —y—ye—... | =0,

')/1+y2+---, "“al_az'—...'—q
namely,
qQ* = (oc1+oc2+...)2—- (‘y1+yg+...)2.

Further, if the part of Qu which is independent of explicit powers of =, corlsisting
of elements which are polynomials in ¢ ¢~* and periodic with period 24, be denoted
by Pj, and similarly the periodic part of QuQa be denoted by P, &c., then the
periodic matrix P above spoken of will be

P=1+P,+P,+....

Proceeding to the computation, retain first only to terms in . Then

Oy = — jfg[; dq- = —7\kT—>\k1 (g_g,l)’
0

= = [ € dn = = [ 6 D (66

= b (61— 1) 40y <§";’1 —7->.

Hence
oy, = —M\h, Y = —\k,
and ¢ is given by
g’ = N (W —F2).

In the case when the differential equation is that considered by Hrrr, this gives at
once a very near approximation, as he remarks, being equivalent to his formula

¢ =1+ {(J—1p =372}

(Hinv's © Collect. Works,” I., p. 260).


http://rsta.royalsocietypublishing.org/

PHILOSOPHICAL
TRANSACTIONS

THE ROYALz%

SOCIETY

OF

A
ya

THE ROYAL /

PHILOSOPHICAL
TRANSACTIONS

/

SOCIETY

OF

Downloaded from rsta.royalsocietypublishing.org

176 PROF. H. F. BAKER ON CERTAIN LINEAR

If next we retain as far as \>, we have from
¢ = NNy (874 0) 4Ny (24 8+ 0% (24 8%),
_CL‘ = J‘TSb dT
0

= MNir 4+ N (=8 O+ N, (=87 8+, (=4 8,

¢ = —-j:)f"lqlb dr

—2 —3 /a4 2
=M ({1 =1) +0E, <% ~—%—T> + Nk, <%~ ~+—§~——»§> + Nk (% +%—-%>
Hence
—a,+ (e, ) . ,
- ST T oo e
N (1) <- e -1--%§—7‘§> -4-7\%2(\-— . E)m%& Sal-g
Thus
¢ (_001+§Cl)

L e R T A B T
AN { Dby (7824 3P B A 5 0F)
Flikey (=3Pl T HECT H B LB =)
This gives
ay = Lgs (—ay+c) dr

S T RO iy Y G S T R R T 1
b (= b))
% {]lkz (—-—%’rfj—'*%f—z—i- §‘“1'—’%+ %§+ %—,’rﬁ-—%\ 3)

o ki, (B0 RO = = RO =3 5
Similarly,

i

¢, (—a+Ee) dr

[i
NI (= 120 2) b (3 = T e D)
+ I (F T = B0}
N { By (=470 =0 T B S {3 50)
ik, (S84 O =B = B3 O a0

Forming now —a,+ (¢, we obtain
N2 (47?20 =8 —a {480 + Ak, (57 1+ b r s+ 3= (—5(%)
bt (= T b b = B O ()
N iy (70 8 = BT B RO il (= =4 0)

N Y G S T G A R S TR [ St L S S TS0
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DIFFERENTIAL EQUATIONS OF ASTRONOMICAL INTEREST. 177

To find ~ v
ay = f‘ﬁ (—ay+Ce) dr, Cy = ff“"(p (—ay+e,) dr
» 0 0
up to A it is sufficient to take ¢ = \[h+k (E+8)]; so we obtain
¢ (—as+{e,)
= N {1 (=17 =27~ 8—7{+3¢)
+ Bl (=377 =37 =2+ == C— Al 5EP)
+ Rl (58P H 1Pl T A+ B+ S = §EH = 507)
(= 8 B e BT = S A Bl YL S8 34 £,
and hence ‘ ‘
aa = josb (“"“2‘!‘ 502) d’T
= \h° (4;13—7-3-7;72~3T——4_T§+ 4§)

CANRE G G+ 8) (T = (3 =) S () &
+ Xl [(“‘“”3?’7"”"1%) $F(=r=8) s’ H i+ fr b A (r =)
+ <—} ~1)¢-% “]

AN [l (— 3= 2 = 11) E = Sk b (B Er 4+ 18) E— 48+ (=B Ts) €1

Similarly,

ey = j;f“% (—as+{e,) dr
= N [(37°+ 87+ 6) {4 (—E+ 87 ~6)] |
N (44 ) E2 =B (= b = d =)+ (= 1) €]
X [(~r—38) € (r+1) €+ (—dr—dr—3) ¢
| o i = fr b AP Al 20

PN [t (— b= fr—32) € S bbb B A= 3 (—dr D) &)
Picking out now the terms in =, putting therein ¢= 1, and using the notation
previously explained, we have, up to A%

0 = =\, | = |

ty = N (B2l =) 40 (3TE),  ye = N2 (— 2R3+ hE) +3° (Bhly—),

oy = NP (= ABP4 6F2ky + Qb — L8R, vy = N (610 — 4By — 2R A2+ Th0).
VOL, CCXVI.—A. - . 2 B
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178 PROF. H. F. BAKER ON CERTAIN LINEAR

Hence

— (o + oyt ag+ys +yy+ys)

=\ (h+k) +22 (A + bk, +3k.7) +N° (=20 — 20k, + Y3k + 45 k> — $hk,— k. k, )
and

- (a1+a2+a3) +yvityatys
= X (h—k,) + 22 (—3h*+ 3k, + 3k.2) + X3 (1077 — 1002k, — 20 hke ® + hkey + § 57,2 — T k).
The product of these gives the value of ¢*, namely,

¢* = N (WP —17) =\ (21— 8%%) +7*[5 (B — k) —Ft—2k,7F, .

This agrees with the value found above by a quite different method (§ 4).
- The matrix of coefficients of =, after ¢ has been replaced by 1, is of the form

AO =/ "“V)’
Y, T®
and its square is (a?—4?) times the matrix unity. The matrix Q. (u) of § 14 is thus

Q7 (w) = 1+ Agw+IgPw? + §~' QAW+ %q“w‘+...

<O+as, MyS ),
\ 48, C—0aS

where C = ch(quw), S = é sh(qw). TFrom this it is easily seen that for the calculation of

or

g the method we have followed is less laborious than to use the equation
[€2,” (1) —p| = 0.

The differential equation from which we have started is, to terms in k,, if we
suppose A = 1,

2,
%t%Jr (14+4h+ 8k, cos 2t +8k, cos 4t) & = 0.

If we compare this with the form considered by Hrrrn (° Coll. Works,” L., pp. 246,
268), we have, with his numerical values,

h= 003971 09848 99146,
k, = —001426 10046 86726,
ky, = 0°00009 58094 99389.
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§ 20. Consider now briefly the case of the equations

d n
L(X,Y) = ﬁ( -1, §>(X, Y),
. . —&n 1

in which n = 2. 'We suppose
'i% = xh+kklwl+>\2k2@()2+ ceny = ¢, Say,

w, = §—1-+§r’

u=/ —¢, {p\.
(—-f"’% ¢>
Qu = /a,, ¢\,
<cl, a’l)

As in the case of n = 1,

where :
a = — j pdr = =Nr+NEk, ({71 =) 3N, (§ %),

and, for n = 2,
o= = | € de = NG —B) N (B4 =) 40, (64— ).

These give

¢ (—ay+ )
= N (4 5=38") Nk [(7—5) ¢+ (7+2) (40— 3°]

N (=30 + § -850+ 20— 309,
QUQ'LL = <“2a C,2 3
cé, o/

= NI (b + B =30+ E) + Nk, (=7 = B8 4 B E— 3O — )
N (3 g+ §— 80+ 40

As before

where

by = fgb (;-d1+ {3e)) dr
0

2 B 2
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180 PROF. H. F. BAKER ON CERTAIN LINEAR
and
0y = Jf;m(»mg%l) dr
= N (gt B T Wb (g B )
| PN (BB 40 2k B 40).
Picking out the coefficients of ~ in these, and putting therein { = 1, we have
a = —\h, vy = =Nk, .
ay = NRHINES, vy = —NB =Nk, + 2N,
and hence, to A%, ‘
0= (ko = (b = [ M= 20580 [ =D ()T,
' = NW =\ (B +557).

This agrees with a result previously found (§ 6), but fails to give the first term in
g’ if h = 0. When this is so it is necessary to take account of the terms in \*. By
taking terms in A* in @y, ¢;, we only obtain terms in ¢ (—a,+{%;) which involve A%

But the terms in \* in @y, ¢, which are written down give terms in A\* in ¢ (—a, +{%,),
which are

Nhky (82478 2=+ 50 =58 + Nk, (— 13+ E T — = —r {900 =70 40),
and hence the additional terms in a, /
Nl (— e 8 dr + 040
ANk, (353 = A Bl B = RO =5 ),

and the additional terms in ¢,

. 2
O s T LS S
N (BB B R 10— r = B0 04,

In finding the terms in A® in ay, ¢, it is sufficient to retain the terms A% in @, and ¢,
This gives for ¢ (—ay+{2e,), ,
NI { == ) :

AN {E (=57 —dr 1) =3+ (=37 =T =) + P (=47 +38) + 8 (=3 +47)}
FX? G (“327+'%T%‘);%§“1—'§'7”‘1:%+ (=g 20) =220+ 8 ("‘%‘T'F“lgo*)“‘%‘?"}
AN {8 () 5L (Br— 1)+ 300+ 8 (2 1) - 501
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DIFFERENTIAL EQUATIONS OF ASTRONOMICAL INTEREST. 181
For a, = j ¢ (—as+ %) dr, this leads to
0
N { =~ =G — 3+ (—dr+ )}

NI 6 (b2 e+ ) =30 € (—de =)

X { =872 () + 36— 47— I ';%§—+§<—%T+ﬁf—)
2

2
N {84 (1) 4 8= 3+ LB — 1) + 3004+ O 37——1@)—%6“}-
The terms in 03. = j;g“ “2¢ (—a,+ {3¢,) dr are similarly
NI {8 (4447 + )
X0 L6 (24 24 04 0 Gt g 39)
A hra 1)

NI 6 (= — g RE 7 ()46 (=)

AN {50l "0 (G B —#E T+ (= 1)
88+ A+ {(2r—5) - 47
Tt is easy to see that the terms in A* in @, ¢, are respectively
Wk (678 and N, (50— E8),

neither of which contains . Thus up to A* we have, in the preceding notation

ay = —Mh, ' 4 T =Nk,
oy =N (124 §h2) =23 (hlcz+-§‘~lc]lc2), vy = =N (B4 Yy —2h2) + SN A,
= NP — N DT — BENRE 4+ LENE, oy = NP+ TN R, — LN D2+ BN,
Thus

oty b s = —NE I (2 §7) N (= B — $H7Ty— B8+ 25— by — $0s),
it yabys = N (=B = §hb 4+ 2 = T) N (BT — A SRk ARk,
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182 PROF. H. F. BAKER ON CERTAIN LINEAR
This gives '
' ¢* = (o +astos) —(yi+y.+ys)

= N =Nh (B2 + §k2) + A (§h'+ L4002k 2 — 20— F.2 + 4k 2k,

as far as terms in A%, This result is for the equation

2
%Z«zc +(n*+y) x =0,

wherein n = 2 and

oo

=M A N (4O + N, ($2 48+ ..

and agrees with the result previously found (§6) when in this last we replace
h, ki, k, respectively by 2h, 2k, 2k, as is necessary, taking account of the difference
of notation for lif in the two cases. By an independent investigation for the case

when
% = Ny Ay (E71 4 &)+ Nhy+ N, (E24+ 82+ AR+ Nk, (E2 4 E0) -

we have found (above, p. 142),

q2 = h]2>\2"—h1 (h12+%k12—2h2) )\3
NS LB 38— b+ b+ 58Tk — 2 hy + 2hihy— (B — 2.2+ ..,

which, repla,cingﬁ h by hy+h\+h)\? arises from the preceding result.
§21. Now consider the equations

d
dr (X: Y) = U (X, Y)a

U = < "'¢> §n¢>
”g‘_n‘f” ¢

and 7 is not 1 or 2, but is an integer if % is a periodic matrix.

With

where

¢ = NNy ({7 §) -+ Nk (E24 82 + .

we have, retaining only to A%
== | pdr = N (=0 I (2 ),
0

¢ = — j;§~n¢ dr = — j: [?\hf“"%-)\kl (é‘—n«1+§—n+l)__{_k2k2 (§-~n—2+§—-n+2)J dr

—n—1 —n+1 —n—32 k2
:%Alb(f""‘—1)+kkl.<§ L >+X%2<§ s 22%4)’

n+1 n-1 n?—1 n+2 n—2 n’—
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which lead to

orq [s n2~n—1> g n2+n--1> ot 9n gl
2 1 — — n_
+X hkﬁts‘ <’r W+ 1) +§<—r+ W (n—1) pra ¢ . }

: 2n n oo 2n . 2n
A2 {__ N ey ; 9 n—1_- n+1}
AT n+1Sc +n2-—1+n——1§ nz’—lSc n2-1§ ’

so that
= L¢(—a1+§”cl) dr
— \252 (1 2 _1'__.?“"'1
= A\ <§'r +n ) »

o
+>\2hk1{~—§"‘<f+ 2(“:§)>+§< Z&:;) |
+n24;1~n(§:—11)~n22—1fn.#n(s;’:ll)}

+7\27612{ n ey 2n _ng(nz-—f))

2(n+1) w=1"  (n—1)
n 2 2’”’ n—1__ 2 n+1}
LET s R ey oo il oy o y Y
Similarly,
c2=£§””¢(~—a1+§”cl) dr
= A2 -—T—{n 2" -——T—>
(\ n? n2 n
—-n -1 2 —n+l / )2
AR — __n—-2n—-1>__§ ( n+2n—1>
i <” nnt1) ) a=1\"" n(n—1)
N I
n  w—=1 n (n’—1)
+)\2k 2{ —n~2 2 -n__ n —n+2
! (n+1)(n+2)§ ot (n——l)(n—Z)f
2n o1 2n 8
+ n?—1 3 n?—1 $+ 'nf"—-4}
Thus we have, so far as terms in A2,
a, = —Mh, v =0,
kh 27, 2 , 2R ANk
Oy = +>\k —_1, Yo = — n - n2_1)
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184 : PROF. H. F. BAKER ON CERTAIN LINEAR

and so, to this approximation,

212
+qg=o0toy,= -—-7\]@-*_?_\_})’_ N2 22%_ )
n n'—1

The characteristic factor is then ¢!®+*?!, the differential equation being

Edd%” + (n?+ dn\h+ 8k, cos 26+ 8n\k, cos 4t +...) x = 0.
Thus ¢ 18 always real, when \ is small enough, provided £, is not zero, even if A be
zero. The result agrees with that found in §6 for n = 8, if allowance be made for

the change of notation.

[ December 1, 1915.—Consider the differential equation differing from that just
preceding only by the substitution of H for A& in the term 4n)A of the coefficient of
x, where H is supposed to be of the form A, +7\*h;+2h,+.... The computation of ¢°
proceeds then exactly as before. The formulae for o, +ey-+oy, v, +v,+v;, given above,
p- 178, substituting H for N\, show that, for n =1, ¢* is then of the form
(H—a,) (H—a,) Q, wherein Q is a power series in H, X, Nk, ..., reducing to 1 when
H=0,x=0,and

ay = —hkN—3k2N+ (FhP—Fky) N+,

oy = A=A — (LR — k) N ...

The value of ¢? is positive, and the motion represented by the differential equation
is stable, so long as H does not lie between these values. Similarly for » = 2, from
the formulse at the bottom of p. 181, the range in which ¢ 18 negative is when H lies
between

C(Zhi—k)N and  (0kI—k) N,

these being accurate as far as A% Unless 34° <k, <12k’ these limits are of
opposite sign, and include H = 0. This is the result given on p. 142 (save for a slight
difference of notation). For n = 3, an analogous computation shows that ¢ is positive
except when H is between

$2—PN and  $E 0+ PA%
where

P = 9% —38kky+ ks,

and this range does not include H = 0 unless 4 = 0. It would appear, from the
formula above (p. 184), that the corresponding interval for greater integer values of n
is between two quantities of the forms

2n
n?—1

Gy O 2 2 & 3
EANZ+ PN, " F2N7 4+ QN
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Mr. E. Linpsay IncE, of Trinity Collége, Cambridge, following up the method of
his paper referred to above (footnote, p. 134), has calculated numerical results for the
case when k,, ks, ... have the values considered by G. W. Hiry. ]

- PART TIIL

§ 22. T desire to add to the foregoing some very incomplete remarks in regard to a
generalisation of which the work appears to be capable. The most important general
result obtained is that when u is a periodic matrix, the matrix Q (u) can be expressed
as a periodic matrix P multiplied into a matrix involving quantities of the form e'.
One direction in which this result can be amplified is by extending the assumption
we have made that the matrix Q" (u) has linear invariant factors. It is well enough
understood what is the character of the modifications thereby introduced. A more
important generalisation appears to be that the factorisation of the matrix € (u)
does not in fact require that » be a periodic matrix. As an indication of the theorem
consider an equation

%1% +oie = o (we™ +be™ + ce™),
in which the constants x, A\, u are such that «+X+u = 0, but the ratio of two of them
at least is irrational. For example, we might have x = /241, u= —y/2+1,
w = —2. Then, assuming that there exists no identity of the form

ac+BN+yut 20 = 0,

in which a, 8, y are positive integers, the equation would seem to have a solution of
the form :

x = X,
where X is a series of positive and negative integral powers of e™, e™, ¢™!, ¢!, which
may be arranged as a power series in @, b, ¢, and ¢ is a series of the form

q = o+ Aabe+ Aa’b + ...,

in which A,, A, ... are constants. The differential equation has not periodic
coefficients.

In a paper already far too often referred to, ¢ Proc. Lond. Math. Soc., XXXV.,
1902, p. 353 et seq., replacing the variable there called ¢ by ¢ or ¢ it is shown
(p. 865) for the equation system '

—=(A+{V)x, = ua,say,
-
in which A is a matrix of constants, and V a series of positive integral powers of ¢,

that there is a factorisation of the matrix Q (u), in the form PQ(¢)y, where P is a
VOL. CCXVL-—A. 2 ¢
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matrix whose elements are power series in ¢, and Q(g¢) is calculated in regard to =
from a matrix

¢ = 0, i (f/fo)ol‘eg; Ci3 (§/§O)o,_9s’ . c ) >
6, Cy3 (g-/g:o)oﬂ_o,’

while y is a matrix of constants. Here 6, 0,, ..., ¢5, ¢y, ... depend solely on the
invariant factors of the matrix A.

This result is obtained from the form of the matrix u as expressible by powers of ¢,
without reference to the question of periodicity. It would seem that the argument
there employed is capable of modification, the integrations being performed in regard
to + (which is log ¢ of the paper referred to), so as to lead to the general theorem
here contemplated.
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